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Abstract— In this paper we present a parallel Method of
Moments (MoM for short) technique using the MPI library.
Here, the MoM is used to analyze microstrip structures. The
main goals to achieve are efficient parallel coefficient computation
and efficient linear equation system solving. The efficiency and
accuracy of the parallel-processing MoM code is analyzed trough
several examples.

I. I NTRODUCTION

The MoM [1] provides a numerical solution to linear
equation problems. The form of the linear equation can be
written as

F (g) = h (1)

in which F is a linear operator,h is known, andg is to
be determinated. Letg be expanded in a series of functions
g1, g2, g3 . . . in the domain ofF

g ' c1g1 + c2g2 + · · · + cNgN =
N∑

n=1

cngn (2)

where thecn are constants. Thefn are calledexpansion
functionsor basis functions. Substituting (2) into (1) and using
the linearity ofF , one has

N∑
n=1

cnF (gn) = h (3)

If (3) represents an approximate equality, then the difference
between the exact and approximate equation is

R =
N∑

n=1

cnF (gn) − h (4)

which is called theresidual Rand has to be minimized. Now
define a set oftesting functionsor weighting functions, wm,
in the range ofF . Take the inner product betweenR andwm

and set all the weighted residuals equal to zero.

〈wm|R〉 = 0 (5)

Finally, substitute (4) into (5) to obtain

N∑
n=1

cn〈wm|F (gn)〉 = 〈wm|h〉 m = 1 · · ·N (6)

This set of equations can be written in matrix form as

[Fmn] [cn] = [hm] (7)

in which Fmn, cn andhm can be written as

[Fmn] =


〈w1|F (g1)〉 · · · 〈w1|F (gN )〉
〈w2|F (g1)〉 · · · 〈w2|F (gN )〉

...
...

〈wN |F (g1)〉 · · · 〈wN |F (gN )〉

 (8)

[cn] =


c1

c2

...
cN

 [hm] =


〈w1|h〉
〈w2|h〉

...
〈wN |h〉

 (9)

If [F ] is nonsingular, its inverse exists, and[c] is given by

[cn] = [Fmn]−1 [hm] (10)

II. M OM AND MICROSTRIP GEOMETRIES

In microstrip geometries, the Electric Field Integral Equa-
tion (EIFE for shortr) can be written as

Ei(x, y) + jωµ0L
[
GEJ(x, y|x′, y′)JS(x′, y′)

]
= 0 (11)

Let x̂ and ŷ components ofJS be expanded in a series of
basis functionsJxj andJyj

JSx =
N∑

j=1

Axj
Jxj

(x′, y′) (12)

JSy =
N∑

j=1

Ayj Jyj (x
′, y′) (13)

Substituting (12) and (13) into (11), the discretized EFIE is
written as

Ei
x = −jωµ0

( N∑
j=1

Axj
LExx

[
Jxj

]
+

N∑
j=1

Ayj
LExy

[
Jyj

] )
(14)

Ei
y = −jωµ0

( N∑
j=1

Axj
LEyx

[
Jxj

]
+

N∑
j=1

Ayj
LEyy

[
Jyj

] )
(15)



Basis functionsJxj
andJyj

are chosen as the product of two
functions

Jxj
(x,′ , y′) =Tj(x′)Qj(y′) (16)

Jyj
(x,′ , y′) =Qj(x′)Tj(y′) (17)

and testing functionsare chosen to be the same asbasis
functions (Galerkin method). Finally, after setting all the
weighted residuals equall to zero, one has

−jωµ0

( N∑
j=1

Axj

〈
LExx

[Tj(x′)Qj(y′)]
∣∣Ti(x)Qi(y)

〉
+

N∑
j=1

Ayj

〈
LExy

[Qj(x′)Tj(y′)]
∣∣Ti(x)Qi(y)

〉)
=〈

Ei
x

∣∣Ti(x)Qi(y)
〉

i = 1 . . . N (18)

−jωµ0

( N∑
j=1

Axj

〈
LEyx

[Tj(x′)Qj(y′)]
∣∣Qi(x)Ti(y)

〉
+

N∑
j=1

Ayj

〈
LEyy

[Qj(x′)Tj(y′)]
∣∣Qi(x)Ti(y)

〉)
=〈

Ei
y

∣∣Qi(x)Ti(y)
〉

i = 1 . . . N (19)

Again, this set of equations can be written in abreviated matrix
form as(

Zij
xx Zij

xy

Zij
yx Zij

yy

)
2N×2N

(
Ii
x

Ii
y

)
2N×1

=

(
V j

x

V j
y

)
2N×1

i = 1..N
j = 1..N

(20)

where each one of the elements of theZ matrix in (20) can
be written as a convolution integral∫

dx′
∫

dx

∫
dy′
∫

Fj(x′, y′) Fi(x, y)Gα(x− x′, y − y′)dy

(21)
whereFj and Fi are basisand testing functionsand Gα are
components of the microstrip Green function (Sommerfeld
integrals). An in-house developedSommerfeldlibrary [2] is
used to compute theseGα fucntions.

III. PARALLEL MOM TECHNIQUE

In many MoM problems, the matrix fill time is the dominant
factor, as each matrix element typically involves the computing
of a numerical integral of a complex function. Usually a2N
fold numerical quadrature of a complex function has to be
computed, beingN the geometry dimension (vgN = 1 for
wires, N = 2 for planar geometries andN = 3 for 3-D
geometries). This type of problem is typically easy to paral-
lelize as the computation of any matrix element is completely
indepedent of the value of any other matrix element.

As structures become electrically large, the matrix factoriza-
tion begins to dominate the overall solution time. The memory
and computation requirements for these large structures can

become daunting as grow asO[N3] being N the number of
unknowns

In a fully parallelized MoM, theF matrix is never stored
into the memory of any processor but blocks of it. Therefore,
filling and factorizacion steps are closely linked.

A. Parallelized scheme

Now we are going to distribute the computation and the
factorization of theZ matrix among a set ofnproc processors.
There is a main processor which collects the geometry data
input, distributes the work and collects and stores final data.
Each of othe processors,including the main one, computes and
factorizes one block of theZ matrix. This is shown in figure 1
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Zyy
ij
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ijij( )

P0

P1
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It collects geometry data and
distributes them among the processors.

substitution. 
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They get geometry data,
compute one block of the
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Z matrix, make a partial LU
factorizazion and substitution
and send the data to main 
processor.Mass Storage

It computes one block of the Z matrix 
and makes a partial LU factorization and 

Fig. 1. Work distribution among processors

B. TheMPI paradigm

One of the most succesfull parallel computational models is
the message-passing model. This model posits a set of proces-
sors that have onlylocal memory but are able to communicate
with other processes by sending and receiving messages.
MPI [3],which stands for Message Passing Interface, is an
attempt to collect the best features of the message-passing
systems that have been developed over the years, improve
them when appropiate, and standarize them.It is alibrary not a
language. It specifies the names, calling sequences and results
from functions to be called from Fortran/C/C++ programs.
MPI is an specification not a particular implementation. A
correct MPI program should be able to run on allMPI
implementations without change.

A minimal message interface between two proceses should
be built using two primitives: send and recieve.

For the sender, the things that must be specified are the
data to be comunicated and the destination process to which
the data is to be sent. The minimal way to describe data is
to specify a starting address and a lenght (in bytes) and a
destination field (usually an integer)

On the receiver’s side, the minimum arguments are the
address and length where recieved data is going to be placed
and a variable to be filled in with the identity of the sender.



Although this minimun interface could be adequate for some
applications, one key notion is missing;matching. A process
must be able to control wich mesages it recieves. This is the
type ortag of the message. Finally it is usefull for the receive
to especify a maximum message size (the actual length) for
a given tag Therefore, our minimal message interface has
become

send(address,length,destination,tag)
and

recieve(address,length,source,tag,actlen)
That basic interface is implemented inMPI usingMPI send
andMPI recieve

C. Matrix filling and factorization

The way theZ matrix is filled depends on the way it is
factorized. The programmer always tries to minimize commu-
nications between processors and to equalize the load among
them. We have studied several ways to factorize the matrix and
each one of those ways is linked to a matrix filling scheme. In
this paper we are going to shown only one scheme: the cyclic
two-dimensional data dsitribution.

In this scheme, each processor computes and, partially,
factorizes (LU) a block of theZ matrix. Those blocks are
chosen so for a given pair of indexes(i, j) the four parameters
Zij

xx, Zij
xy, Zij

yx andZij
yy are computed in the same processor

and there are no communication among processors. Obviously,
while factorizing the matrix, processors need to share infor-
mation among them. To equalize the load among processors,
they work in a cyclic way as it is shown in the example of
figure 2. Due to data dependencies in LU factorization, there
are processors that has to wait for other processors to finish.
That idle time can be minimized if each processor works with
a relatively small matrix block.
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Fig. 2. Cyclic two-dimensional data distribution. 16 processors, 3 cycles

To maximize per processor performance, there is an op-
timum block size which depends on the matrix size and
processors’s cache memory. A block size smaller than op-
timum means more comunicactions and less computations.

A block size greater than optimum means more out-of-core
computations and less speed.

In figure 3 pseudocode to run in each processor is shown.

do ccol = 1, . . . , ncyclescol

crow = 1
do l = 1, . . . , id(proccol, ccol)

Update rows( id(procrow, crow))
Get pivots( id(l, ccol))
LU(l) and V (l)factorization

end do
if ( id(procrow, ccol) ≤ id(proccol, ccol)) then

do k = 1, . . . , ncol(id(proccol, ccol))
Swap rows( id(procrow, crow))
LU(k) and V (k) factorization
Send column (k) to the rest of id(procrow, ccol)

end do
Send V data to id(proccol + 1, ccol)

end if
if ( id(procrow, ccol) = id(proccol, ccol)) crow=crow+1
if ( ccol = ncicloscol) then

if ( id(procrow, ccol) > id(proccol, ccol)) then
do l = id(proc + 1, ccol), . . . , nproccol

Swap rows ( id(procrow, crow))
end do

else
do l = id(procrow + 1, ccol), . . . , nproccol

Update rows( id(procrow, crow))
Get pivots( id(l, ccol))
LU(l) and V (l) factorization

end do
end if

end do

Fig. 3. Pseudocode for parallelLU factorization

Here ncyclescol is the number of cycles per column (3 in
figure 2), proccol/fil is the position of a processor in a
row or a column (it varies between 1 and 4 in figure 2)
andid(proccol/row, cyclecol/row) identifies the position in the
matrix of processorproccol/row in cycle numbercyclecol/row.

1) ScaLAPACK, BLAS and linear algebra software:This
pseudocode only works ifncyclescol = ncyclesrow and the
number of processors is a perfect square (as in example shown
in figure 2). Dealing with a non perfect square number of
processors complicates the code quite a lot. Instead of re-
coding the algorithm, we looked for mature well stablished
code that was able help us.

ScaLAPACK[4] is an optimized library of linear algebra
subroutines that run in cluster enviroments. Its main compo-
nents are: a low level BLAS optimized for single processor,
a communication library for BLAS subroutines (BLACS)
that uses some message passing model (MPI or PVM) and
a parallel version of BLAS library (PBLAS) that uses the
aforementioned libraries.

ScaLAPACKuses a two-dimensional cyclic data distribution
that helped us to easily map our matrix data distribution to



ScaLAPACK’sone.

IV. RESULTS

In this section, we investigate the efficiency of the proposed
parallel processing. The evaluation was carried out on the GIC
cluster ”Maxwell”. The cluster details are as follows:

• Number of processors: 23 Intel Pentium IV Prescott 2.8
GHz, 1GB RAM

• Network: 100 Mb/s
• Operating system: Linux 2.6 kernel series, Bproc based

cluster
• Tools: GNU tools (gcc, g77,...)
• MPI: LAM-MPI
• BLAS: ATLAS

A. Parallel processing efficiency analysis

The efficiency of parallel-processing code depends not only
on how we develop the code, but also on the computer hard-
ware and networking equipement. We employ the conventional
definition of scalability or speedup of the parallel processing
code as

Sp =
Ts

Tp
(22)

whereTs is the simulation time when the entire problem is
simulated using a single processor, andTp is the simulation
time in the p-processors parallel processing. During the simu-
lations, we had to define a new figure of merit that we called
parallel speedup. It is used when the entire problem does not
fit in one single processor. It is defined as

PSp =
T1c

Tp
(23)

whereT1c is the simulation time usingp processors but the
data distribution has only one cycle per row and column (the
worst case).

In figure 4, speedup is shown vs block size and for three
processor grids (16 processors). The square arrangement is
clearly better than the other two.
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Fig. 4. Optimum block size and speedup for three processor grids

In figure 5, parallel speedup vs block size is shown for three
matrix sizes and for a 5x4 processor grid.
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Fig. 5. Optimum block size and parallel speedup vs matrix size

Figure 6 shows the Kiviat graph for optimum block size, 4x4
processor grid, and M=22500 (45000x45000 matrix size). The
Kiviat graph shows the processor load and a nearly circular
shaped graph means the load is balanced among processors

Fig. 6. Kiviat graph

V. CONCLUSION

We have presented a parallel MoM analysis of microstrip
structures. Our main goal has been to improve the efficiency
of the process modifying two parameters: processors grid
topology and optimum block size. Some code has been in-
house developed and later modified to suit to theScaLAPACK
standard library.
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